Abstract--ln this paper, by applying the auxiliary variational principle technique, some existence theorems of solutions for a class of mixed implicit quasi-variational inequalities with fuzzy mappings are proved in Hilbert spaces. A novel and innovative iterative algorithm to compute approximate solutions is suggested and analyzed. The convergence criteria is also given. As special cases of these results, the open problem put forward by Noor is answered positively. Our results are new and generalize a number of known results to mixed implicity quasi-variational inequalities with fuzzy mappings. (E)
INTRODUCTION
In recent years, various extensions and generalizations of the classical variational inequality theory have been considered and studied. The papers of Harker-Pang [1] and Noor, Noor and Rassias [2] provide excellent surveys on the developments of the classical variational inequality theory in finite-dimensional Euclidean spaces and infinite-dimensional Hilbert spaces, respectively.
One of the most interesting and important problems in the theory of variational inequality is the development of an efficient iterative algorithm to compute approximate solutions. One of the most effective numerical techniques is the project method. We observe that the project method cannot be applied for general mixed type variational inequalities. That fact motivated many authors to develop the auxiliary principle technique to study the existence of solutions of various variational inequalities, as well as to develop a large number of numerical methods for solving various variational inequalities, complementarity problems, and optimization problems (e.g., see [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Recently, Noor put forward the following open problem many times in [2, 11, 16] : extending the auxiliary principle technique for quasi-variational inequalities is still an open problem and this needs further research efforts.
In 1989, Chang and Zhu [18] first introduced a class of variational inequalities for fuzzy mappings. Since then, several classes of variational inequalities with fuzzy mappings were considered by Chang and Huang [19] , Noor [20, 21] , and Suang [22] .
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In this paper, we shall introduce and study a new class of mixed implicit quasi-variational inequalities with fuzzy mappings. By applying the auxiliary variational principle, some existence theorems of solutions for mixed implicit quasi-variational inequalities with fuzzy mappings are proved. A novel and innovative iterative algorithm to compute approximate solutions is suggested and analyzed. The convergence criteria is also given. As special cases of these results, the open problem mentioned by Noor in [2, 11, 16] is answered positively. Our results generalize a number of known results to mixed quasi-variational inequalities with fuzzy mappings.
PRELIMINARIES
Let H be a real Hilbert space with norm II" I[ and inner product (., .). Let $-(H) be a collection of all fuzzy sets over H. A mapping T : H --, 9V(H) is said to be a fuzzy mapping. For each 
x • H, T(x)
In many important applications, K(x) has the following form:
where m : H --+ H is a single-valued mapping and K is a closed convex subset of H. In brief, for appropriate choices of the mappings T, A, N, K, b, and functions a, c, it is easy to see that the MIQVIPFM (2.1) includes a number of extensions and generalizations of generalized (mixed) variational inequalities, generalized (mixed) quasi-variational inequalities problems as special cases, for example, see [1] [2] [3] [4] [5] [6] 11, 14, 16, 20, 21, [23] [24] [25] [26] and the references therein.
We shall need the following definitions and results.
DEFINITION 2.1. Let T : H ---* CB(H) be a set-valued mapping. A mapping N : H x H ~ H is said to be
(i) a-strongly monotone with respect to T in the first argument ff there exists a constant a > 0 such that
(ii)
/3-Lipschitz continuous in the first argument if there exists a constant ~ >_ 0 such that
In a similar way, we can define the ~-Lipschitz continuity of N(., .) in the second argument. 
DEFINITION 2.2. A mapping m : H x H --, H is said to be a-Lipschitz continuous if there exists a constant a > 0 such that
(
ii) T is said to be ~-~I-Lipschitz continuous if there exists a constant ~/ > 0 such that
~I(T(x),T(y)) < 71Ix -yll, Vx, y • H,
where H(., .) is the Hausdorffmetric on CB(H).
In order to solve the MIQVIPFM (2.1), we consider the following auxiliary variational inequality problem with fuzzy mappings: for any given ~ • H, fi 6 :~(~), and 9 • .4(~) where T, are the set-valued mappings induced by the fuzzy mappings T, A, respectively, find a unique --z0(~, ~, 9) 6 K(~) such that 
J(y) = ~(y,y) + J(Y), j(y) = p (N ((~, ~), y -~)) + pb (~, y) -(~, y)
(2.6)
has a unique minimum point ff~ = w(~2, ~, ~) in K(~) and ~ is the unique minimum point of J on K(~) if and only if (~, fi, ~) is a unique solution of the auxiliary variational inequality problem with fuzzy mappings (2.5).

PROOF. Since the functional y ~ (N(~,V),y-~) is continuous and linear and y ~-. b(~,y)
is proper convex lower semicontinuous on K(~), it is easy to see that j(y) is proper convex lower semicontinuous on K(~) and J(y) is a strictly convex and lower semicontinuous functional on K(~ 
It follows that J(y) ~ co, as IlYll -* c~.
Now let {Yn} C K(~) be a minimizing sequence of J on K(~), i.e.,
limn--.ooJ(yn) =d
and d= inf J(y).
yeg($)
We claim that {Yn} is bounded. If it is false, then there exists a subsequence {Ynk} of {Yn} such that [lY-kll >-k, k = 1,2,.... By (2. 
+ t (to, y -to) + j (to) + t (j(y) -j(to)).
It follows that t (y-to, y-to) + (to, y-to) +j(y) -j(to) >_ 0.
Letting t --* 0 in the above inequality, we obtain 
EXISTENCE AND ALGORITHM OF SOLUTIONS
From Lemma 2.1, we observe that for each given x E H, u e T(x), and v E A(x), we can define a mapping 
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Based on the observation, we can suggest the following innovative iterative algorithm to compute the approximate solution of the MIQVIPFM (2.1). We now prove the existence of solutions of the MIQVIPFM (2.1) and the convergence of the Algorithm 3.1. 
THEOREM 3.1. Let K : H ---, 2 H be a set-valued mapping such that each K(x) has the form (2.4). Let T, A : H ~ ~(H) be closed fuzzy mappings satisfying the condition A and T, A : H --* CB(H) be the set-valued mappings induced by the fuzzy mappings T, A, respectively. Let T and .4 be "r-tt-Lipschitz continuous and #-H -Lipschitz continuous, respectively. Let N : H x H ~ H be a-strongly monotone with respect to T and/~-Lipschitz continuous in the first argument.
Let N(-, .) be ~-Lipschitz continuous in the second argument. Let m : H ~ H be a-Lipschitz continuous and b : H x H -* R satisfy Conditions 1-4. Suppose that there exists a constant
xn+l=wn=w(xn, un,vn) eF(xn)CK(xn), un•T(xn), vn•-4(xn),
[[Un+l-unll <_ ( Adding the inequalities (3.5) and (3.6), by using the assumptions of b(., .), we have 
and (wn, y -wn) >_ (xn, y -wn) -p (N (un, vn), y -wn)
(3.3) +pb(xn,W,O-pb(xn, y ), VyEK(xn), (Wn+l, Y -Wn+l) >_ (Xn+l, y -Wn+l) -p (N (Un+l, Vn+l) , y --Wn+l) (3.4) +pb(Xn+l,Wn+l) -pb(xn+l,y), Vy E K(xn+l).(wn -Wn+x -m (xn) + m (Xn+l), W n --Wn+ 1 --m (Xn) "~ m (Xn+l)) ~__ (Z n --Xn+ 1 --m (Xn) + m (Xn+l), Wn -Wn+l -m (X.n) -{'-Tt't (Xn+l)) + p (N (un, Vn), Wn+l " m (Xn+l) -.1-m (Xn) -Wn) + p (N (un+,, vn+l), Wn -m (xn) + m (xn+l) -Wn+i) + ~0 [b (--Xn, Wn) --b (-Xn, Wn+ 1 -m (Xn+l) q'-m (Xn)) +b (Xn+l, Wn -m (Xn) + m (Xn+l)) -b (Xn+l, Wn+l) ] ~__ (X n --Xn+ 1 --m (xn) + m (Xn+l), w,~ -Wn+l -m (xn) + m (Xn+l))
